We study the quantum dynamics of relaxation, decoherence and entropy of a qubit embedded in an anisotropic photonic crystal (PhC) through fractional calculus. These quantum measurements are investigated by analytically solving the fractional Langevin equation. The qubit with frequency lying inside the photonic band gap (PBG) exhibits the preserving behavior of energy, coherence and information amount through the steady values of excited-state probability, polarization oscillation and von Neumann entropy. This preservation does not exist in the Markovian system with qubit frequency lying outside the PBG region. These accurate results are based on the appropriate mathematical method of fractional calculus and reasonable inference of physical phenomena.
I. INTRODUCTION
A central tenet in quantum computing is to create and manipulate qubits in a controllable way. Many novel methods have been proposed to generate controllable entangled states through the surrounding environment of the qubits [1] [2] [3] . When a qubit made of a two-level atom is embedded inside a reservoir with structured photon density of state (DOS), the evolution dynamics of its states is affected by the environment and exhibits non-Markovian behavior [4] [5] [6] . One of structured reservoirs is three-dimensional (3D) photonic crystals (PhCs). A qubit embedded in a PhC with photon DOS containing a cut-off below the band edge frequency can form a photon-atom bound state and show strong non-Markovian dynamics which provides the basis of manipulating a qubit in this structured reservoir.
PhCs are ordered crystals with periodic variation of refractive index and show photonic band gaps (PBGs) in their band structures. For a practical 3D PhC, the dispersion relation near the PBG edge exhibits a directional-dependent property and thus has been expressed as a vector form by the effective-mass approximation [7] . This 3D material with the anisotropic band structure possesses a DOS proportional to √ ω − ω c Θ(ω − ω c ), where ω c is the band edge frequency and the Heaviside step function Θ(ω − ω c ) characterizes the cut-off behavior. Recently, the strong effect of this structured DOS on the spontaneous emission (SE) dynamics is observed in the experiment of quantum dots embedded in the diamond-based PhC lattice [4] . The strong light-matter interaction resulting from the structured DOS leads to the non-Markovian SE dynamics including non-exponential decay and formation of the photon-atom bound state. The decay rate of this non-Markovian SE can be varied by a factor larger than 10 through controlling the lattice parameters of this 3D structure. This modification of SE rate will lead to the change of quantum coherence of the system. The related coherence effects include the electromagnetically induced transparency (EIT) [8] , slow propagation of light [9] , and nonlinear effects [10] . These coherent effects protect the embedded qubits from suffering the destruction such as entanglement sudden death (ESD)
by the environment and make the PhCs become the promising candidate for the reservoir of the quantum information systems [11, 12] However, the previous theoretical studies about the SE dynamics of the PhCs through the conventional Laplace transform method delivered the physical results with some fallacious predictions which are inconsistent with experiments [5, 13] . These qualitatively accurate results have been used frequently as a model for studying the dynamics of quantum measurements for qubits embedded in PhCs [3, 14] . The misleading quantitative conclusions made by these studies would lead to the inaccurate strategies to manipulate qubits in PhCs.
As a qubit is embedded in a PhC reservoir, the dynamics of this qubit is related to the delay Green function which is a measure of the PhC reservoir memory on the qubit.
This delay Green function, also named memory kernel, depends strongly on the DOS of the PhC reservoir. The memory kernel of the PhC reservoir with a cut-off DOS exhibits the long-time memory effect, which leads to the non-Markovian memory dynamics of SE. This non-Markovian dynamics can be solved accurately through fractional calculus which have been applied in studying the SE dynamics of PhCs [6, 15] . The study for the isotropic PhC system through fractional calculus shows that the SE dynamics exhibits no photon-atom bound state as the qubit frequency lies outside the PBG region. This result is consistent with the experimental result that no prolonged lifetime effect exists for the emission peak lying outside the PBG region [15, 16] . The study about SE dynamics from anisotropic PhCs by the use of fractional calculus shows that the anisotropic property of the PhC reservoir enhances the decaying behavior of the qubit which agrees with the experimental observation that emission spectrum appears only in the PhC system with strong anisotropic property for the emission frequency lying inside the PBG region [6, 17] . These accurate results of the SE dynamics by the use of fractional calculus reveal that this mathematical method is appropriate for the PhC systems with non-Markovian dynamics. We therefore use fractional calculus to investigate the dynamics of quantum measurements for a qubit embedded in an anisotropic PhC.
The controllable characteristic of SE dynamics from PhCs provides the basis of many novel methods of manipulating qubits [3, 4, 14, 18] . For example, in Ref. 3 Bellomo et al. suggested high values of entanglement trapping between two independent qubits can be achieved through choosing the isotropic PhC materials as reservoir. This achievement of entanglement preservation is based on the direct link between the SE dynamics of the single qubit and the entanglement dynamics. Whenever the qubit forms a bound state with the emitted photon through the PhC reservoir, entanglement trapping follows. However, because they followed the predictions of previous studies with some quantitative fallaciousness [5, 19] 
II. DYNAMICS OF A QUBIT IN AN ANISOTROPIC PHC
When we consider a system consisting of a qubit embedded inside a PhC reservoir shown in Fig. 1 , the Hamiltonian can be expressed as
Here ω 10 is the qubit transition frequency between the excited state |1 and ground state |0 . The photon mode with frequency ω k is created and annihilated by the operators a + k and a k . Coupling strength associated with the qubit and the photon mode with frequency
k ·û d with the fixed qubit dipole moment d 10 = d 10ûd , sample volume V , dielectric constant ǫ 0 and polarization unit vectorê k of the photon mode with frequency ω k .
If we use the coordinate (θ, φ) on the Bloch sphere to parameterize the state of the qubit with (0, φ) for the excited state and (π, φ) for the ground state, then the initial state of the total system can be written as
with the initial coordinate (θ 0 , φ 0 ) on the Bloch sphere. Here the vacuum state and oneexcitation state of the PhC reservoir are expressed as 0 k = 0 1 , 0 2 , ..., 0 k , 0 k+1 , ... and
.. , respectively. We assume C k (0) = 0 for no initial correlation between the qubit and reservoir. As the system evolves, the quantum state of the system in the single photon sector can be written as
stand for the excited-state and ground-state probability amplitudes of the qubit with the vacuum state of the PhC reservoir while C k (t) for the qubit in its ground state with one photon in the reservoir. This quantum state can also be expressed as |ψ(t) = e iφ(t) cos[
when we discuss the change of the qubit's state on the Bloch sphere.
By substituting the quantum state in Eq. (3) into the time-dependent Schrödinger equation, we obtain the equations of motion for the amplitudes as
and
with detuning frequency
meaning that the ground-state probability with vacuum photon mode will not evolve with time, i.e., a time constant. The other two equations can be combined as (7) with the memory kernel
. This equation of motion reveals that the future state of the qubit is related to the memory of the reservoir in its previous state through the memory kernel. As the qubit is put in free space, the memory kernel has the form of a Dirac delta function G(t − τ ) ∝ δ(t − τ ) corresponding to continuous photon DOS. In this case, the reservoir manifests its memory effect only at an instant time τ = t which leads to the excited amplitude of the qubit decaying exponentially with time. This
Markovian result in free space manifests that the qubit loses all memory of its past and decays quickly to its ground state.
For the anisotropic PhC reservoir discussed here, the memory kernel manifests its memory effect within the entire interval (0,t) through
√ ω c )/(16πǫ 0 c 3 ) and the detuning frequency δ = ω 10 − ω c of the qubit transition frequency ω 10 from the band edge frequency ω c [6] . This memory kernel is derived from the anisotropic dispersion relation of a practical three-dimensional PhC. Near the band edge frequency ω c , the dispersion relation has a vector form and could be expressed by the effective-mass approximation as [20] 
This equation can be further simplified through making the transformation u p (t) = e iδt U p (t)
Conventionally, this integro-differential equation is solved through Laplace transform which leads to the fractal phenomenon of the system from this memory kernel in Laplace image [21] .
This fractal phenomenon would result in the stochastic nature of the dynamical behavior of the system which appears as the non-Markovian dynamics. This non-Markovian dynamics can be solved accurately through fractional calculus which we have shown its appropriateness by comparing the obtained results with the experimental ones and finding their consistence [6, 15] .
In the following, we use fractional calculus to solve the non-Markovian dynamics of the system analytically. Especially, the fractional time derivative, one of the operators of fractional calculus, is used to express the integral term of the kinetic equation (9) . In the well-known Riemann-Liouvile definition, the fractional time derivative operator
for n − 1 ≤ ν < n and Γ(x) being the Gamma function. Through expressing the righthand-side term of Eq. (9) as the fractional time derivative operator with order n = 1/2 and applying the appropriate fractional operations to this kinetic equation, we arrive at the fractional kinetic equation of this qubit-reservoir interacting system as
The fractional time derivative in this fractional differential equation indicates a subordinated stochastic process directing to a stable probability distribution [23] . The evolution equation 
The inverse Laplace transform of these partial-fractional forms can not be found in the conventional mathematical table because the power of the variable s is not an integer.
For the fractional power of s, we can find its inverse Laplace transform in the book of fractional calculus [24] as L
.. and q = 1, 2, ..., 1/ν. Here we name the two-parameter function E t (α, a)
as the fractional exponential function with variable t, order α and constant a. It is defined as the fractional derivative of an ordinary exponential function
with the derivative formula µ, a) . The functional form of this fractional exponential function E t (α, a) will not be changed after being performed derivative operator with fractional or integral order. A linear combination of the fractional exponential functions is a potential solution of the fractional differential equation. By applying these inverse Laplace transforms to the partial-fractional forms ofŨ p (s), we obtain the analytical solution of the fractional differential equation [11] as
for β/f 3 = δ; and
for β/f 3 = δ. Here we have applied the recursion relation of the fractional exponential
to these analytical expressions. The time evolution of the wave function is thus obtained as
with u p (t) = e iδt U p (t) expressed through Eq. (14) and (15), u d (t) = u d (0) = 1 and
By definition, the reduced density matrix of the qubit can be directly obtained from this wave function through tracing over the reservoir degrees of freedom. It giveŝ
with the initial oneρ(0) =
The elements in this matrix are associated with the polarization and probabilities of the qubit. In the following, we will study the quantum measurements of relaxation, decoherence and von Neumann entropy based on these elements.
A. Relaxation rate
As the excited qubit spontaneously emits a photon, the qubit undergoes a quantum operation of amplitude damping, the excited-state amplitude of the qubit being reduced.
This amplitude damping operation associated with the energy dissipation of the qubit leads to the flow of energy from the qubit into the environment through the emitted photon.
How the energy flows from the initially excited qubit can be observed from the excited-state probability of the qubit P (t) through P (t) = |u p (t)| 2 cos 2 ( 
with U * p (t) being the complex conjugate of U p (t) in Eqs. (14) and (15) . The dynamics of the relaxation rate in Fig. 2(b) from this expression decays quickly and becomes zero thereafter for the qubit frequency lying inside PBG (δ/β < 0). Combining with the dynamical behavior of excited-state probability, we find that the qubit loses partial of its energy in the very beginning period of time and then preserves the remaining energy in the end. The quickly stop of losing energy results from the formation of the bound state between the qubit and the reflected photon. The remaining energy is preserved through this bound state in the end. Energy localization around the qubit by the bound state leads to the non-decaying dynamics of excited-state probability in Fig. 2(a) and quickly decaying of relaxation rate in Fig. 2(b) . Especially, as the qubit frequency is detuned deep inside the PBG region (δ/β = −5 and −10), the relaxation rate exhibits negative values in the initial period of time. This negative-relaxation-rate phenomenon reveals that the qubit can regain its energy in the PhC reservoir.
On the other hand, for the qubit frequency lying outside PBG region [δ/β = (ω 10 − ω c )/β > 0], the relaxation rate decays slowly and remains a constant of non-zero value at longer time. It corresponds to that the excited qubit loses almost its energy in the initial period of time with βt < 2 shown in Fig. 2(a) . In this Markovian case, the emitted photon flees from the qubit without being re-absorbed so that it carries away all of the qubit's energy to the reservoir.
When we use a Bloch vector in the Bloch sphere to express the qubit state, the amplitude damping operation will perform a transformation on the components of the Bloch vector with the values related to the probability of losing the emitted photon [25] . For the Markovian system with qubit frequency lying outside the PBG region, the large-value probability of losing the emitted photon will convert the Bloch vector toward the ground state point on the Bloch sphere. The small-value probability of losing the emitted photon in the non-Markovian system with qubit frequency lying inside PBG leads to the Bloch vector towards the non-zero large surface area near the ground-state point on the Bloch sphere. The contracting effect of the amplitude damping on the Bloch vector leading to the contracted surface area of the Bloch sphere available for the Bloch vector is suppressed in the non-Markovian system.
B. Decoherence
As a qubit interacts with the environment, there will randomize the polarization of each qubit. The quantum phase information of a qubit carried by the qubit polarization will thus escape from the qubit into the environment through this randomization of polarization and lead to the quantum decoherence. As the qubit undergoes the polarization damping operation through this quantum decoherence, the off-diagonal elements of the reduced density matrix will decay with time. The completely losing of the quantum coherence of one qubit will lead to the occurrence of ESD in the multiple-qubit system.
That is, the time period in which the entanglement could be usefully exploited in the multi-qubit system is limited. This limitation is related to the dynamics of qubit polarization and decoherence. Here we show these dynamics in Fig. 3 through the expressions of qubit polarization P z(t) = [ρ 10 (t) + ρ 01 (t)] = Re[e iδt U p (t)] and decoherence rate
In Fig. 3(a) , the polarization dynamics of the Markovian system with qubit frequency lying outside the PBG region (δ/β = 2) exhibits fast damping behavior which implies that the qubit loses all its polarization in the initial period of time with βt < 4. This polarization damping results from the elastic scattering by the incoherence photons of the environment.
The elastic scattering randomizes the orientation of the qubit's polarization and leads to the decay of the off-diagonal elements of the density matrix. The fast damping of the qubit polarization reveals that the probability of scattering the qubit by the incoherent photons in the reservoir is large in the Markovian system. The continuous photon DOS outside the PBG region [see Fig. 1(c) ] provides the free-space-like environment to scatter the qubit.
In contrast, the polarization dynamics of the non-Markovian system with qubit frequency lying inside PBG (δ/β < 0) exhibits non-decaying oscillation. The qubit loses partial of its polarization in the very beginning period of time and then preserves the remaining polarization through the steady oscillation. This steady polarization ensures that the probability The rate of this lose of phase information can be measured by the decoherence rate Γ dec. (t)
shown in Fig. 3(b) . The decoherence rate of the non-Markovian system decays quickly to zero. Combining the results of Fig. 3(a) , we infer that the phase information in the qubit is partially lost in the very beginning period of time and then is preserved through the steady polarization. In this non-Markovian case, the interaction with the PhC reservoir does not result in the total lose of the coherence but in the preservation of the partial coherence instead. This coherence preservation reveals that PhC materials can provide a promising environment for the purpose of information processing because they meet the requirement of engineering the information-processing systems through the greatly minimized quantum decoherence.
Comparing the dynamics of the relaxation rate [ Fig. 2(b) ] with that of the decoherence rate [ Fig. 3(b) ], we can find the similarity between these two quantum measurements. This is because both the relaxation and decoherence arise from the effects of spontaneous emission. As the emitted photon flees from the qubit, it carries away both the energy and phase information of the qubit. We compare these two quantum measurements through calculating the ratio of the decoherence rate to the relaxation rate. This ratio exhibits constant at 0.5 for both the Markovian and non-Markovian regimes. This result shows that the decoherence will proceed much slower than the energy relaxation in this PhC reservoir.
That is, the decoherence time T 1 is twice the time of the energy relaxation T 2 , i.e.,
This familiar relation between the decoherence time and relaxation time for the generic case of a two-level system was also observed in a transverse reservoir with a Lorentzian spectrum in the infinite-temperature limit [25, 26] . When the energy relaxation is completed, almost half of the initial coherence of the qubit will still survive.
C. Von Neumann entropy
Entropy, a key concept of quantum information theory, measures how much information exists in the state of a physical system. The amount of information will be changed as the state is correlated to the environment. The correlation between the environment and the state will transform the initially pure state into a finally mixed state where the amount of information of the state is changed. We thus can estimate the correlation between the qubit and reservoir through the entropy of the quantum system, i.e., von Neumann entropy. Von Neumann entropy for a quantum stateρ(t) is defined as S(t) = −T r [ρ(t)logρ(t)] = − i λ i logλ i with λ i being the eigenvalues of the matrix ρ(t). In this expression, the entropy quantifies the optimal compression for the physical resources required to solve some information problem because in the measurement the eigenvalues λ i stand for the expected values and logλ i for the probability of obtaining λ i . That is, von Neumann entropy predicts the upper bound of the information we will gain after we measure a quantum state. This gain of information after measurement corresponds to the information amount of the state before measurement. The value of this entropy stands for the degree of correlation between the qubit and the PhC reservoir. It reaches the maximal value S max = logd, d being the dimension of the matrixρ(t), for the qubit's maximally mixed state and zero value for the pure state. With the eigenvalues
of the matrix in Eq. (17), we show the von Neumann entropy in Fig. 4 for the initially excited qubit (θ 0 = 0). The entropy has its minimal value zero at t = 0 and reaches its maximal value log2 = 0.693 at the very beginning of time. After a period of time on the order of the decay timescale, the entropy becomes steady with nonzero value in the non-Markovian system (δ/β < 0) and zero in the Markovian system (δ/β = 2). These results show that the initially pure system becomes maximally mixed in the very beginning period of time. As the qubit equilibrates with the PhC reservoir, the system becomes less mixed. In the Markovian system, the qubit recovers its initially pure state as it quickly equilibrates with the reservoir. However, in the nonMarkovian system, the coherent correlation with the PhC reservoir leads to the preservation of the mixed state. The greatly lowered probability of the qubit scattering by the incoherent photons in the PBG reservoir preserves the coherence and information amount of the qubit.
When we perform a multi-stage computations on the available information through the Markovian chain, the data processing inequality of von Neumann entropy, a basic inequality of information theory, states that the information about the output of the computation will decrease with time if the qubit storing the information is correlated to the Markovian environment [25] . This statement agrees with the result we obtained here. In the Markovian system, the newly produced mixed state by the correlation between the qubit and reservoir recovers its initially pure state and loses the information stored in the qubit. The informations yielded by the multi-stage computations will thus be independent of each other. On the other hand, in the non-Markovian system, the newly produced mixed state will preserve the information about its output of the previous stage. The memory effect of the PhC reservoir on the qubit's previous state leads to the preservation of the stored information in the mixed-state qubit. Further computation operations on this mixed state can be used to increase the amount of mutual information between the outputs of the operations and the previous-stage information about the qubit state.
III. CONCLUSION
We have studied the dynamics of quantum measurements of relaxation, decoherence and 
